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During the motion of a partially ionized gas in magnetohydrodynamtc channels the distribu- 
tion of the electrical conductivity is usually inhomogeneous due to the cooling of the plasma 
near the electrode walls. In Hall-type MHD generators with electrodes short-circuited in the 
transverse cross section of the channel the development of inhomogeneities results in a de- 
crease of the efficiency of the MHD converter [1]. A two-dimensional electric field develops 
in the transverse section. Numerical computations of Lhis effect for channels of rectangular 

cross section have been done in [2, 3]. At the same time it is advisable to construct analytic 
solutions of model problems on the potential distribution in Hall channels, which would per- 
mit a qualitative analysis of the effect of the inhomogeneous conductivity on local and inte- 
gral characteristics of the generators. In the present work an exact solution of the trans- 
verse two-dimensional problem is given for the case of a channel with elliptical cross sec- 
tion stretched along the magnetic field. The parametric model of the distribution of the elec- 
trical conductivity of boundary layer type has been used for obtaining the solution. The de- 
pendences of the electric field and the current and also of the integral electrical character- 
istics of the generator on the inhomogeneity parameters are analyzed. 

I. We consider some general relations for cylindrical Hall-type MHD channels with an arbitrary 
shape of the cross section S. We shall assume that in the channel Ix I < L, (y, z) ~ S there is a stationary 
flow of an anisotropically conducting gas. We shall take the applied magnetic field to be homogeneous 

B =  - -  B e z ,  B = e o n s t ~ 0  

and the p a r a m e t e r  of m a g n e t o h y d r o d y n a m i c  i n t e r a c t i o n  and the m a g n e t i c  R e y n o l d s  n u m b e r  to be s m a l l  c o m -  
p a r e d  to un i ty .  

We a l so  a s s u m e  tha t  the l a t e r a l  s u r f a c e  of the channe l  is  made  up of a l a r g e  n u m b e r  of thin c l o s e d  
e l e c t r o d e s  s e p a r a t e d  f r o m  each  o t h e r  by  thin d i e l e c t r i c  f i l l i ngs  [2], so  tha t  the b o u n d a r y  F of an a r b i t r a r y  
s e c t i o n  x = e o n s t  can  be taken  as  e q u i p o t e n t i a l .  The e x t e r n a l  l oad  is  c o n n e c t e d  to the  end s e c t i o n s  of the 
channe l  x = �9 L .  

I t  i s  a s s u m e d  tha t  the l eng th  of the  ch a nne l  is  much  l a r g e r  than i t s  c h a r a c t e r i s t i c  t r a n s v e r s e  d i m e n -  
s i o n .  In th is  c a s e  the c o n d u c t i v i t y  i s  a s s u m e d  to be a known funct ion of the t r a n s v e r s e  c o o r d i n a t e s  ~ = 
cr (y, z) .  The Hal l  p a r a m e t e r  of the e l e c t r o n s  /~ i s  t aken  to be c o n s t a n t  and g iven ,  and the Hal l  p a r a m e t e r  
of ions  is  a s s u m e d  to be n e g l i g i b l y  s m a l l .  

A h o m o g e n e o u s  p r o f i l e  i s  g iven  fo r  the v e l o c i t y  of the f low: 

V ~-- Ue~, U =  c o n s t ~ O ~  

In the p r e s e n c e  of a t u r b u l e n t  b o u n d a r y  l a y e r  the r e a l  v e l o c i t y  p r o f i l e  w i l l  be e x a g g e r a t e d .  In th i s  
c a s e  the i n t e g r a l  e l e c t r i c a l  c h a r a c t e r i s t i c s  of the g e n e r a t o r  o p e r a t i n g  wi th  a w e a k l y  i on i z e d  p l a s m a  a r e  
m o r e  s e n s i t i v e  to sudden  c h a n g e s  of the c o n d u c t i v i t y  in the  t e m p e r a t u r e  b o u n d a r y  l a y e r  than to the i n h o m o -  
g e n e i t i e s  of the v e l o c i t y  f i e ld .  
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Disregarding the effect of the end zones, we arr ive  at the problem of two-dimensional  distributions 
of the e lectr ic  field E (y, z) and the cu r ren t  density ](y, z) with the subsequent computation of the integral  
e lec t r ica l  charac te r i s t i cs  of the genera tor .  The sys tem of equations to be used is of the form 

rot E = O, div j ---- 0 (1.1) 
j = z(E § V•  j• ~ = ~ B / B  �9 

We introduce the e lectr ic  potential •  such that E = - V• Since the e lectr ic  field is independent of 
the coordinate,  it has the form 

X(x, y, z) = Eli x §  ~(y, z), E ~ : - - E x =  c o n s t ~  0 �9 

The cons tan t  E II occu r s  in the solut ion of the boundary  value  p r o b l e m  fo r  the function r as  a p a r a m e t e r  
and is l a t e r  d e t e r m i n e d  th rough  the value of the ex te rna l  load f r o m  O h m ' s  law fo r  a comple te  c i r c u i t .  F r o m  
(1.1) we conclude that  the funct ion cp (y, z) sa t i s f i e s  the fol lowing eUiptic  equat ion:  

0kp ~_ (1 § ~%0kp cglazOtp ~12~ 01a~o(p -- h? 01n o 
ay~ 'a--~-- fl- ~ ~ 9 ( 1 §  '--gT--z ~-z--~*'"av (12) 

E ,  = U B  + ~Eil = const 

For E q. (1 2) in region S, i t i s  necessa ry  to solve a Dirichlet  problem with zero  boundary conditions at 
the contour 

�9 lr = 0 �9 (1.3) 

It is easy to see that the solution of the formulated problem has the form 

(~ (y, z) = E , ~ I  (y, z) 

wherein the function q~i(Y, z) does not contain the quantity E,o If the solution of the boundary value p rob-  
lem is known, then all the integral  charac te r i s t i cs  of the generator  can be computed with its use.  

Let us consider  the relationship of the integral charac te r i s t i cs  and the quantities charac ter iz ing  the 
distribution of the conductivity, field, and cur ren t  in the t r ansverse  c ross  section of the channel. We in- 
troduce the following quantity: 

o~ = <jv)/E, �9 

Here and below the angular brackets denote averaging of the function over the section S. In the case 
(~ - const the quantity ~e coincides with the effective conductivity [4]. Making use of the expression for 
<jy> obtained by averaging Ohm's law (1.1), we get 

~ = (i § ~)-1 <~ (i § I)> ( / =  E / E ,  = --  a~l / o r ) .  (1.4) 

The function f ( y ,  z) does not contain E ,  as a pa ramete r .  In the case of homogeneous conductivity, 
f =- 0, since the boundary value problem (1.2), (1.3) for (r = const  has only a tr ivial  solution. It follows 
f rom the boundary condition (1.3) that the e lec t r ica l  power generated by the t r ansver se  field E • = Eyey  + 
EzO z on the cur ren ts ,  when averaged over the c ros s  section, is equal to zero  

~ S r 

On the other hand, the computation of the quantity (j •177 with the use of Ohm's law yields the ex- 
press ion  

<jj El> = (1 § ~)-I {<z [E, 2 § (i § ~2) E~]) + <z/)E, ~} �9 

F r o m  this equation and f rom (1.5) it follows that ((r f )  -< 0. Then from (1.4) we arr ive  at the inequal- 
ity 

The equality in (1.6) is sat isf ied only for a -= const.  

(1.6) 



Using  Ohm~s law a g a i n , w e  compu te  the mean  d e n s i t y  of the l ong i tud ina l  c u r r e n t  i x :  

In the id l ing mode we wi l l  have  (Jx } = 0, and EII a t t a in s  i ts  m a x i m u m  ( c o m p a r e d  to the o p e r a t i n g  
m o d e s  of the g e n e r a t o r )  va lue  E m ,  w h e r e  

Em -- ~UB% (<(J> - -  1~2o~) -1 - ( 1 . 7 )  

On connec t i ng  an e x t e r n a l  r e s i s t a n c e  R we wi l l  have  EII = ke rn"  In the  mode  of e l e c t r i c a l  p o w e r  g e n -  
e r a t i o n  fo r  the l oad  c o e f f i c i e n t  k,  we obta in  

O < k =  g / ( R  + r ) < t  �9 

H e r e  r is  the e q u i v a l e n t  i n t e r n a l  r e s i s t a n c e  of the g e n e r a t o r .  F o r  a u s a b l e  e l e c t r i c a l  power  N, e l e c -  
t r i c a l  e f f i c i e n t  7 ,  Jou le  d i s s i p a t i o n  Q, and r ,  we obta in  the  fo l lowing  e qua t i ons :  

N = 2LS  <]~} Ell = 2LSU2B2a~2v~k (l --  k), a = E,~ / ~UB 
'1 --- a~ ~k (l --  k) / ( a~k  + t), Q -- 2LSU2B~z~ (a~k 2 + l) 

r = 2LS -I (<v> - -  ~2~)-i 

(1.8) 

H e r e  c~ --< 1 i s  the shunt ing  c o e f f i c i e n t  of Hal l  emf .  The m a x i m u m  value  of ~ fo r  v a r i a t i o n  o v e r  k is  
a t t a i n e d  a t  the  fo l lowing va lue  of the l oad  c o e f f i c i e n t :  

k = kin. = ~-1~-2 [( t  ~- (~2)'/z __ t ]  

and is equa l  to Vm = 1 - 2k m .  

It  fo l lows  f r o m  equa t ions  (1.7), (1.8) and i n e q u a l i t y  (1.5) tha t  for  f ixed  v a l u e s  of L, S, U, B, f i ,  and k 
in the p r e s e n c e  of i nhomogeneous  d i s t r i b u t i o n  of the c o n d u c t i v i t y ,  N, ~?, Q, E m,  and r d e c r e a s e  in c o m p a r i -  
son with  t h e i r  v a l u e s  for  G = (o-} - c o n s t .  

Thus ,  in o r d e r  to d e t e r m i n e  the i n t e g r a l  c h a r a c t e r i s t i c s  of the g e n e r a t o r ,  i t  is  n e c e s s a r y  to know the 
va lue  of ~ e ,  which  can  be c a l c u l a t e d  only  f r o m  the known so lu t ion  of the b o u n d a r y  v a l u e  p r o b l e m .  

2.  We now p a s s  on to d i m e n s i o n l e s s  v a r i a b l e s  

g , =  ] ' z t + ~ 2 g / a ,  z , = z / a ,  ( p , = V t + ~ 2 q ~ l E , a  (2.1) 

in Eq .  (1.2).  

H e r e  a is  the c h a r a c t e r i s t i c  t r a n s v e r s e  d i m e n s i o n  of the channe l .  In the d e f o r m e d  p lane  y , z ,  the 
funct ion  q), is  d e s c r i b e d  by  an equa t ion  wi th  i s o t r o p i c  d i f f e r e n t i a l  o p e r a t o r  

02r ~_ 02q~. Olnz acp, 31n ~oT, Oln ~ (2.2) 
0y2, , ~ d - ' O y ,  ~y. -}- Oz. az. ~- 3y. 

In the p lane  y ,  z ,  we i n t r o d u c e  the p o l a r  c o o r d i n a t e s  

p = 1 / ~ ,  ~ + z ,  2, t a n  0 = y ,  / z ,  . ( 2 . 3 )  

A quite  s i m p l e  so lu t i on  of the D i r i c h l e t  p r o b l e m  fo r  Eq .  (2.2) can be c o n s t r u c t e d  if u n d e r  t r a n s f o r m a -  
t ion (2.1) r e g i o n  S goes  o v e r  into a c i r c l e  of uni t  r a d i u s  and the e l e c t r i c a l  c o n d u c t i v i t y  depends  only  on p . 
In th i s  c a s e  the t r a n s v e r s e  c r o s s  s e c t i o n  of the MHD channe l  is  a n ~ ,  whose  m a j o r  s e m i a x i s  a is  
d i r e c t e d  a long the v e c t o r  B and the m i n o r  s e m i a x i s  is  equa l  to a/~/1 + fl~. The l i n e s  ~ = c o n s t  f o r m  a 
f a m i l y  of e l l i p s e s  s i m i l a r  to the b o u n d a r y  con tou r  F .  

With  t h e s e  a s s u m p t i o n s ,  E q .  (2 2 ) ,  w r i t t e n  in v a r i a b l e s  (p ,  0) ,  b e c o m e s  

OZq~, + t (1 -~- d l n  z~0tp,  + t 02T, __ i d l n  z . ~ (2.4) 
ap2 ~ ~ ] ' - f f ~ - p  -fi'-~-ffr --  --p--d-~p s in"  " 

We s h a l l  s e e k  the so lu t i on  of the h o m o g e n e o u s  D i r i c h l e t  p r o b l e m  for  Eq.  ( 2 . 4 )  in the f o r m  

q~, = 4) (p) sin 0 ( O ~ p E t ,  O ~ O ~ 2 a ) .  



For the funct ion �9 (p) we have  the fo l lowing b o u n d a r y  va lue  p r o b l e m :  

(I)" @ p-1 (1 ~- d l n a / d  In p) �9 ' - -  p~ (D = p -1 d lna / d In p (2.5) 
�9 (o) = r (~) = o .  

The v a n i s h i n g  b o u n d a r y  cond i t ion  fo r  �9 a t  p = 0 fo l lows  f r o m  the r e q u i r e m e n t  of con t inu i ty  of the  
p o t e n t i a l  at  the c o o r d i n a t e  o r i g i n .  In the  c a s e  of an a r b i t r a r y  de pe nde nc e  ~ (p) the  so lu t i on  of p r o b l e m  
(2.5) canno t  be w r i t t e n  in t e r m s  of t a b u l a t e d  func t ions .  The so lu t ion  can  be ob ta ined  in the f ina l  f o r m  if, 
for  e x a m p l e ,  the d e p e n d e n c e  d I n ( r / d i n  p is  a p p r o x i m a t e d  by  a p i e c e w i s e  c o n s t a n t  func t ion .  Le t  us  c o n -  
s i d e r  the fo l lowing m o d e l  l aw of v a r i a t i o n  of the c onduc t i v i t y :  

a =  a o =  const ( 0 ~  p < p , ) ,  a =  a0(p ,  /p)~ ( p , < p g i ) .  (2.6) 

The quantity p, defines the dimensionless radius of the zone of homogeneous conductivity. For 
> 0 the dependence in (2.6) simulates the law of decrease of the electrical conductivity in the boundary 

layer. Below we shall take x > 0, although the solution obtained below can be investigated also for nega- 

tive values of x. 

Using the dependence (2.6) ,we obtain the boundary value problem for the equation with discontinuous 
c o e f f i c i e n t s  

O" + p-~ i t  - -  •  (p - -  p , ) ] ~ '  - -  p -2~  = _ • (p - -  p , )  
(2.7) 

~ ) ( 0 ) =  r  

H e r e  H(p - p ,) is  the H e a v i s i d e  uni t  func t ion .  The g e n e r a l  so lu t ion  of Eq .  (2.7) c o n t a i n s  two a r b i -  
t r a r y  cons t an t s  in the r e g i o n 0  < p < p ,  and two in the r e g i o n  p ,  < p < 1. F o r  p = p ,  the cond i t i ons  of 
e q u a l i t y  of the func t ions  ~ ( p )  and ~ ' (p )  a r e  i m p o s e d ,  which  fol low f r o m  p h y s i c a l  c ond i t i ons  of c on t i n u i t y  of 
the p o t e n t i a l  and the n o r m a l  c o m p o n e n t  of the c u r r e n t  at  the b o u n d a r y  of the  h o m o g e n e o u s  zone .  T h e s e  r e -  
q u i r e m e n t s ,  t o g e t h e r  wi th  the b o u n d a r y  c o n d i t i o n s ,  d e t e r m i n e d  the unique c o n t i n u o u s l y  d i f f e r e n t i a b l e  s o l u -  
t ion of the  p r o b l e m  (2.7), wh ich  has  the f o r m  

ci) (p) = [ i  - G ( ~  - ~ ) p , - l ]  p ( 0 <  p <  p,) 

r  = p - - G [ ( t  - - ~ ) ( p l p , ) x , + ( ~ , - - t ) @ i p , ) X q  (p ,<  p ~ i )  (2.8) 
x / u ~ 

)~1.~ = T ----- ~/ i + T ,  G ---- [(X~ - -  1) p,-x, + (t - -  )~2) p,-x,]-i 

The s e c o n d  d e r i v a t i v e  ~ "  i s  d i s c o n t i n u o u s  at  p = p , ,  which  c o r r e s p o n d s  to  the d i s c o n t i n u i t y  of the  
s p a c e  c h a r g e  d e n s i t y  and i s  r e l a t e d  to the cho ice  of the  d i s t r i b u t i o n  of the  c o n d u c t i v i t y  (2.6), which  is  not  
s m o o t h  at  p = p , .  

F o r  the c o m p o n e n t s  of the v e c t o r s  E and j we obta in  the fo l lowing e q u a t i o n s :  

E ~ =  - - E l i  = eonst 
Ey = - -  E ,  (p-1 (D cos20 + q)' sin~0) 
E~ == (1 + ~z)-'/, E,(p-lq~ -- 'r  0 cos 0 
/x =- - -  El{ o (p) + (t + ~2)- l~E,a  (p) (t - -  p-a �9 cos20 - -  (I) 'sin20) (2.9) 
/y = (t + ~z) - l ,E ,a  (p)(t - -  p-I~Pcos20 - -  (D'sinZ0) 
]'z = (l + [~)- ' / 'E,o (p) (p-lCI) -- (D') sin 0 cos 0 

We note tha t  equa t ion  (2.9) r e m a i n s  v a l i d  even in the c a s e  of a r b i t r a r y  d e p e n d e n c e  cr (p ) .  The funct ion 
O(O) m u s t  be a so lu t ion  of the p r o b l e m  (2.5) c o r r e s p o n d i n g  to the  c h o s e n  funct ion  ~ (p ) .  

3.  We now tu rn  to  the  a n a l y s i s  of the o b t a i n e d  s o l u t i o n .  The funct ion  O(p ) ha s  a s i ng l e  e x t r e m u m  at  
the po in t  p = Oo, which  i s  d e t e r m i n e d  f r o m  the so lu t i on  of the  t r a n s c e n d e n t a l  equa t ion  

(g = po / p , )  �9 

In the i n t e r v a l  0 < p < p , ,  ~(p) i s  l i n e a r ;  t h e r e f o r e ,  we a lways  have  P0 > 0 , ,  i . e . ,  the po in t s  of e x -  
t r e m u m  of the  p o t e n t i a l  ~p , ( p , 0 )  l ie  in the  r e g i o n  of the  b o u n d a r y  l a y e r .  A s i m i l a r  r e s u l t  was  ob ta ined  in 
the n u m e r i c a l  c o m p u t a t i o n s  in [2, 3]. A d i r e c t  c a l c u l a t i o n  shows  tha t  8 ~ / 8 p ,  < 0; t h e r e f o r e ,  wi th  the d e -  
c r e a s e  of the t h i c k n e s s  of the  b o u n d a r y  l a y e r  the e x t r e m u m s  sh i f t  t o w a r d  the b o u n d a r y  of the homogeneous  
zone p = p , .  F o r  a f ixed  va lue  of p ,  the quan t i ty  P0 i n c r e a s e s  wi th  the p a r a m e t e r  ~t > 0. 
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It is not  d i f f icul t  to v e r i f y  that  in i ts  ma in  body~, (p)  is pos i t ive .  Hence the va lue  p = P0 is the point  

of m a x i m u m  of the funct ion ~(p) .  T h u s , a t  p = P0, 0 = ~ a m a x i m u m  oc c u r s ,  while at  p = P0, 0 --~Tr we 
get a m i n i m u m  of the n o n d i m e n s i o n a l  po ten t i a l  ~ .  = �9 ( p ) s i n  0 .  

An i n c r e a s e  of the th i ckness  of the bounda ry  l a y e r  leads  to a growth of the funct ion ~ ( p ) .  F o r  a con -  
s t an t  r ad ius  of the homogeneous  zone p ,  and for  l a rge  va lues  of ~ we obtain the asympto t ic  equa t ions  

r  ~P*-~ ),o (0<vgp,) 
•  t -t- p ;  • 

( I ) ~ p  •  1 -{- (P / P*)• (p, ~.~ p % t) �9 
•  +p,-• 

(3.1) 

Equat ions  (3.1) show that  for x ~ the l i m i t i n g  d i s t r i b u t i o n  of r  is d i s con t inuous :  

l ira  (I) (,o) = p (0 ~ p < 1), l i m  cI) (t) = 0 �9 

This  behav io r  of ~(p)  is  caused  by the fact  that  for vt ~ ~o the quant i ty  ~ in the bounda ry  l a y e r  tends  
to z e r o .  As a r e s u l t , i n  any reg ion  p < 1 - e away f rom the wall  the c u r r e n t  dens i ty  tends  to ze ro  and the 
vec to r  E tends to the induced f ield E i = - V  x B, whose po ten t ia l  at  tile wal l  is n o n z e r o .  

The l eve l  l ines  of the d i m e n s i o n l e s s  po ten t ia l  ~0. in the f i r s t  and four th  quad ran t s  of the d i m e n s i o n l e s s  
phys i ca l  p lane  y /a ,  z /a  a re  shown in F ig .  l f o r  /7 = 1 ,  p .  = 0 . 5 ,  and for vt = 4  and 8. 

The componen t  Ey of the e l e c t r i c  f ield is a l t e rna t i ng ;  in the homogeneous  zone,  Ey  < 0. The equat ion  
of the l ine  1, on which Ey  van i she s ,  has the fol lowing f o r m  in the coo rd ina t e s  (p, 0):  

eotan  2 0~ =--pq)'/q) �9 (3.2) 

This  l a s t  equat ion has a r e a l  so lu t ion  Ol(P) in the r eg ion  P0 -< P -< 1, where  O 0 is  a m a x i m u m  of ~(p) .  
In the de fo rmed  pIane y ,  z ,  the l ine 1 r e p r e s e n t s  a c losed  cu rve  s y m m e t r i c  with r e s p e c t  to the coord ina te  
axes t angen t  to the c i r c l e  p = 1 a t  0 = 0 and 7r and to t h e e i r e l e  p = P0 for 0 = ~Tr a nd~Tr .  The m a x i -  
m u m  value of Ey  along the coo rd ina t e s  is obta ined at the boundary  con tour  at the points  (p = 1, 0 = ~ )  and 
(0=1 ,  0 = ~ ) .  
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The c o m p o n e n t  E z  of the f i e ld  is  equa l  to z e r o  in the h o m o g e n e -  
ous zone .  In the b o u n d a r y l a y e r ,  E z i s  p o s i t i v e  in the f i r s t  and the 
t h i r d  q u a d r a n t s  and nega t ive  in the s e c o n d  and four th .  The m a x i m u m  
and m i n i m u m  v a l u e s  of E z a r e  a t t a i n e d  at  the b o u n d a r y  p = 1 on the 
r a y s  0 = ~ 7r, ~ ~r, and ~Tr, ~ 7r, r e s p e c t i v e l y .  

The c o m p o n e n t  jy  of the c u r r e n t  d e n s i t y  i s  e v e r y w h e r e  p o s i t i v e  
and l i e s  in the fo l lowing  r a n g e s :  

h (p) ~ / y  (~, 0) ~/~(p) (3.3) 
h(p) = (i + ~)-~ E,a  (t - -  p-~r i~ (p) = (i + ~)-~ E,a  (l--q)') 

The c o m p o n e n t  jy  i s  c o n s t a n t  in the c o r e  and f a l l s  off wi th  the 
i n c r e a s e  of p in the b o u n d a r y  l a y e r .  The m a x i m u m  of jy  i s  a t t a ined  

at  the po in t s  of the con tou r  I" for  0 = ~ u ,  ~ and i s  equa l  to je(1).  A t  t h e s e  po in t s  the r e t a r d i n g  L o r e n t z  
f o r c e  i s  m a x i m u m ,  and they  a r e  the m o s t  h a z a r d o u s  in p o s s i b l e  r u p t u r e  of the v i s c o u s  b o u n d a r y  l a y e r  [5]. 
Wi th  the  i n c r e a s e  of the p a r a m e t e r  n o r  wi th  a d e c r e a s e  of p ,  the c o m p o n e n t  jy  d e c r e a s e s .  

The qua l i t a t i ve  c h a r a c t e r i s t i c s  of the b e h a v i o r  of the c u r r e n t  c o m p o n e n t  Jz depend  on the v a l u e s  of n .  
In the c o r e ,  Jz --- 0, whi le  in the b o u n d a r y  l a y e r ,  [Jz [ i n c r e a s e s  m o n o t o n i c a l l y  wi th  the i n c r e a s e  of p in the 
r a n g e  0 < n <- n 0. F o r  x >  n 0 the  m a x i m u m  of I Jz t  a l o n g p  a p p e a r s  a t  p = p+.  The v a l u e s o f ~  0 a r e t h e  
r o o t s  of  the  t r a n s c e n d e n t a l  equa t ion  

t + M (~o) ]v[).(~)-z,(~o)] 
1 + K, (• = p-% " 

F o r  p+ we have  the fo l lowing equa t ion :  

p+ = p. [(i + k~) / (t + X~)] 1/O.,-z,) �9 

The m a x i m u m  of jz  in the f i r s t  q u a d r a n t  of r e g i o n  S is  a t t a ined  at  the b o u n d a r y  a t  the p o i n t  (p = 1, 
0 = ~ u ) , i f 0  < n < n0, and i n s ide  the r e g i o n  at  the p o i n t ( p  = p+, 0 = 1/4v) , i f  n > n 0. F o r  n - -  ~ the 
abso lu t e  m a x i m u m  of Jz ge t s  sh i f t ed  to the b o u n d a r y  of the  h o m o g e n e o u s  zone .  

c o m p u t a t i o n  of (r e c o r r e s p o n d i n g  to the ob ta ined  so lu t ion  y i e ld s  the fo l lowing equa t ion :  

a~ t -7 ~ (kj - -  l )  p , - x ,  + ( i  - -  k,_) p , -~ '  (3.4) 

F o r  the  i n t e g r a l - m e a n  conduc t i v i t y  c o r r e s p o n d i n g  to the d i s t r i b u t i o n  (?.6),  we obta in  

(a)  = ~o[9,=-F 2 - ~ ( 9 , ~ - -  9,~)] (• (3.5) 

(~ )  = ~op, ~ (i - -  2 In 9 , )  (• = 2) �9 

F o r  ~4 -~ oo , (re t ends  to z e r o ,  whi le  ((r) t ends  to a f in i te  l i m i t  % p , ~ .  The d e p e n d e n c e s  of ((r)  / cr 0 
and (1 + f i 2 ) ( r e / %  on the p o w e r  exponen t  n in the l aw of d e c r e a s e  of the c o n d u c t i v i t y  (2.6) a r e  shown in 
F i g .  2 .  The d i m e n s i o n l e s s  r a d i u s  of the h o m o g e n e o u s  zone p ,  s e r v e s  as  a p a r a m e t e r  of th i s  f a m i l y  of 
c u r v e s .  

The r e p l a c e m e n t  of (r e by  the quan t i ty  (or) / (1 +/32) in the c o m p u t a t i o n  of the i n t e g r a l  c h a r a c t e r -  
i s t i c s  of the g e n e r a t o r  l e a d s  to a p p r e c i a b l e  e r r o r s  at s u f f i c i e n t l y  l a r g e  v a l u e s  of n or  s u f f i c i e n t l y  s m a l l  
v a l u e s  of p , .  The d e p e n d e n c e s  of the r a t i o  ~ m  / ,~m ~ on the exponen t  ~4 a r e  shown in F i g .  3 for  fi = 2.  
H e r e  ~ m  is  the m a x i m u m  p o s s i b l e  e l e c t r i c a l  e f f i c i e n c y  of the g e n e r a t o r  c o m p u t e d  f r o m  the t w o - d i m e n s i o n -  
a l  t h e o r y ,  and ~ m  ~ i s  the m a x i m u m  e f f i c i e n c y  c o m p u t e d  unde r  the a s s u m p t i o n  ~ - ( ~ )  = e o n s t .  The 
p a r a m e t e r  of the  f a m i l y  of c u r v e s  is  p , .  

Le t  us  now i n v e s t i g a t e  b r i e f l y  the d i s t r i b u t i o n  of tha t  p a r t  of the l o c a l  e l e c t r i c  p o w e r ,  which  is  due 
to the c o m p o n e n t s  of the v e c t o r  E in the p lane  of the  t r a n s v e r s e  c r o s s  s e c t i o n  of the c h a n n e l .  F o r  the 
quan t i ty  n = j _LE .L, we obta in  the e x p r e s s i o n  

n (p, 0) = (i + ~2)-lE,2a (p)[p-lO (p- l~ - -  i) cos z 0 + ~)' (O' - - t )  sin20] . (3.6) 



The funct ion  n ( p ,  0) is  a l t e r n a t i n g ,  s ince  i t  does  not  g ive  any c o n t r i b u t i o n  to the i n t e g r a l  p o w e r  [see 
Eq .  (1.5)].  The cond i t ion  n = 0 d e t e r m i n e s  the l ine  a long which the c o o r d i n a t e s  p and 0 a r e  connec t ed  by  
the r e l a t i o n  

cotart2Oy = - -  O '  ( 0 '  - -  t) / [p-lO (p-lO - -  t)1 �9 (3.7) 

A r e a l  so lu t ion  0 T (p)  of Eq .  (3.7) e x i s t s  in the  r e g i o n  P0 -< P -< 1. The l ine T is s y m m e t r i c  wi th  r e -  
s p e c t  to the c o o r d i n a t e  axes  and is a c l o s e d  c u r v e  t angen t  to the c i r c l e  p = 1 at 0 = 0, ~,  and to the c i r c l e  
P = P0 at  0 = ~Tr, ~ ~r. C o m p a r e d  to the l ine l on which  Ey = 0, c u r v e  T l i e s  c l o s e r  to the h o m o g e n e o u s  
zone:  on l , n =  ffEz 2-> 0. 

In v iew of the fac t  tha t  the t r a n s v e r s e  c u r r e n t  j ~ is  c l o s e d  th rough  the e l e c t r o d e  wal l ,  the r a n g e  of 
p o s i t i v e  va lue s  of n p e r f o r m s  the funct ion of a load  in the c i r c u i t  of the t r a n s v e r s e  c u r r e n t .  The c e n t r a l  
r e g i o n  bounded by the con tou r  y p l a y s  the ro l e  of c u r r e n t  s o u r c e  in th is  c i r c u i t .  

The g e n e r a l i z a t i o n  of the so lu t ion  g iven  above to the c a s e  of a g e n e r a t o r  wi th  a f r a m e - t y p e  channe l ,  
when the t r a n s v e r s e  s e c t i o n  has  the p r e v i o u s  e l l i p t i c a l  shape  and the c l o s e d  e l e c t r o d e  f r a m e s  a r e  i nc l ined  
to the ax i s  of the channe l  a t  an angle  5, does  not  p r e s e n t  any e s s e n t i a l  d i f f i c u l t i e s .  F o r  th is  c a s e  a l so  the 
so lu t ion  is c o n s t r u c t e d  by  the m e t h o d  of s e p a r a t i o n  of v a r i a b l e s ,  w h e r e i n  for  the funct ion ~ ( p )  Eq .  (2.5) 
m u s t  be s o l v e d  with  the b o u n d a r y  c o n d i t i o n s :  

0 ( 0 )  = 0, 0 (1) = - -  (Elf / E . )  co tan  5. 

The so lu t ion  ob ta ined  above can  be u s e d  for  the i m p r o v e m e n t  of the h y d r a u l i c  m o d e l  d e s c r i b i n g  
q u a s i - o n e - d i m e n s i o n a l  flow in p r o f i l e d  Hal l  channe l s  with a p p r o p r i a t e  g e o m e t r y  of the t r a n s v e r s e  c r o s s  
s e c t i o n .  Models  of th is  type  a r e  u s u a l l y  u s e d  in e n g i n e e r i n g  c o m p u t a t i o n s  of MHD d e v i c e s  [5]. 
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